Abstract-High order entropy coding is a powerful technique for exploiting high order statistical dependencies. However, the exponentially high complexity associated with such a method often discourages its use. In this paper, an entropy-constrained residual vector quantization method is proposed for lossless compression of images. The method consists of first quantizing the input image using a high order entropyconstrained residual vector quantizer and then coding the residual image using a first order entropy coder. The distortion measure used in the entropy-constrained optimization is essentially the first order entropy of the residual image. Experimental results show very competitive performance.
I. INTRODUCTION
A common approach to lossless image coding is to preprocess the data, in a way that removes statistical dependencies among the input symbols, and code those symbols witjh an entropy coder. Individual systems differ in their choice of statistical models for removing redundancies and t>lieir choice of entropy coders, like arithmetic and TluFFman for example. Simple statistical models such as DPCM can remove some of the dependencies but usually are ineffective in handling high order dependencies.
High order statistical models have been proposed previously for lossless compression of binary images [ 11, and were shown t,o be very effective. Unfortunately, they cannot be translated efficiently to the gray-scale case. The computational and storage demands can be prohibitive. For example, a typical first order conditional statistical model might require that 65535 conditional probabilities be computed and stored. This number grows exponentially with increasing model order. Compounding the problem is the fact that many of the probability tables cannot be populated even when large training sequences are used, making high order entropy coding a very difficult task. Several methods have been proposed recently for re- 
PROPOSED FRAMEWORK
The hybrid technique of quantization and entropy coding of the residual signal has been shown to yield good compression performance [8, 9, 101. This is due to the fact that quantization often produces a structure where high order statistical dependencies can be exploited. Moreover, since the output alphabet of the quantizer can be made smaller than that of the original signal, the complexity of high order statistical modeling is reduced. This is especially the case when structurally constrained quantizers are employed. In particular, the structure of the multista,ge residual vector quantization (RVQ) used here has been shown ill] to be very successful in providing more accurate estimates of the statistical dependencies of the original signal while also reducing drastically the complexity of high order statistical modeling. Multistage RVQ produces multiresolution approximations of t,he input signal, and allows high order statistical conditioning to be performed between the stage sub-signals.
we employ a CEC-RVQ to As shown in Figure 1 quantize the input signal, where the output of the stage RVQ is then fed into a statistical-model-driven entropy coder (EC). The high order stage statistical model is represented by a finite-state machine (FSM) where the state transitions are based on previously coded symbols. The quantized signal is rounded to the nearest integer, and the residual signal, formed by subtracting the rounded quantized signal from the original one, is then coded using a first order entropy coder. Empirical work has shown that using higher order entropy coding does not lead to significant reductions in output entropy of the residual signal. In the final stage of the encoder, the bits emanating from the stage entropy coders as well as the residual entropy coder are combined together into a uniquely decodable bit stream, which is sent to the channel.
There are two important ideas, unique to this framework, that exemplify the novelty of this lossless approach. First, since the overall system is lossless, it is potentially better to employ the entropy of the residual signal as a distortion measure in the design of the CEC-RVQ. Using conventional distortion measures such as the squared error measure does not lead to minimization of the residual entropy. To elaborate, let z be the input and & be the output of the CEC-RVQ. The new distortion measure used in the
where I ( @ ) is the integer closest to the real (Y. The distortion is essentially the self-information of the integerconverted residual signal, and is used as an estimate of the length of the codeword that would be used to encode the symbol I ( z -2 ) . In other words, the CEC-RVQ designed to minimize such a distortion measure also minimizes the entropy' of the residual signal.
The second idea is that only entropy is a measure of performance. Since the distortion measure is the entropy, the CEC-RVQ design algorithm produces an operational e n t r o p y -e n t r o p y curve where each point represents a pair of entropies, the first being the high order entropy h, of the CEC-RVQ and the second being the entropy h, of the residual. The high order entropy h, is obtained by h, = 'H(h,), where 31 is the operational entropy-entropy function. It can be easily shown that the function X ( h , )
is continuous and differentiable (except for some points). However, it is generally not convex, and its convexity depends on t h e source as well as t h e entropy measure used to estimate the information content in the residual sig-"This is the first-order entropy. For higher order entropies, high order probabilities should be used in the distortion measure. such that H'(h:) = -1. As will be shown later, the CEC-RVQ algorithm is based on a Lagrangian minimizat>ion where X is the slope of the operational entropy-entropy function 'H. Thus, the problem translates into designing the EC-RVQ with corresponding Lagrangian parameter lying in the neighborhood of 1.
Note that F would not necessarily have a minimum at h; if 31 were not convex. Moreover, it is implied in Figure 2 that H , < H . This is not true in general, since H depends on the source and H , depends on the source, quantizer, and quantizer output statistical model. If H , 2 If, the minimummay be larger or equal to the entropy H , and quantization becomes useless. However, by using CEC-RVQ, it is observed that H , is usually significantly smaller than H . Thus, CEC-RVQ has the potential of achieving rates that are substantially lower than those obtained by first order entropy coding the original signal.
DESIGN AND COMPLEXITY ISSUES
The CEC-RVQ design algorithm proposed liere iteratively minimizes the Lagrangian jA = Er-i og, pr(I(=i -A))] + ~W(~(JIC'))I, where U is the state random variable [ 6 ] , L is the high order conditional entropy mapping, and ! ( L ( J l U ) ) is the length of the variable length codeword L ( J 1 U ) . The Lagrangian parameter X controls the entropy-entropy tradeoffs and is used in the design process to locate on the operational entropy-entropy curve the point where the sum of the entropies is a minimum or close to a minimum.
In this work, a training sequence that is representative of the source output to be encoded is used in the design process. Let z i be the ith k-dimensional vector taken from the training sequence of size N. An optimal encoding optimization step generally requires exhaustively searching the reproduction vector 2* that minimizes the Lagrangian -log, p r ( l ( z i -2 * ) ) + A(-log, pr(jlu)), where j is the current output of the CEC-RVQ and U E U is the current conditioning state. This typically yields large encoding complexity. To reduce complexity, non-exhaustive stage searching algorithms are usually used, leading to a good balance between complexity and encoding accuracy. In particular, the dynamic M-search algorithm [la], which is shown to generally perform better than the conventional M-search algorithm, is used here to search the CEC-RVQ.
The decoder optimization step consists of using the Gauss-Seidel algorithm [6] to iteratively minimize the average output entropy of the residual signal subject to fixed stage encoding partitions. Suppose the CEC-RVQ con- stage high order statistical models are optimized, and no actual entropy coders are embedded in the design loop. This simplifies the design process, but the complexity of the stage statistical models must still be addressed. Like VQ. high order statistical modeling provides a way to exploit high order statistics while also requiring complexity that is exponentially dependent on the parameters of the model. RVQ drastically reduces the complexity of the high order model and improves our estimates of the dependencies by generating multistage approximations of the input signal, where the output alphabets of the subspaces are small (e.g., 2, 3 , or 4).
put of the stage RVQs can be divided into three tasks. The first task is to locate a small number mP of conditioning symbols (or previous outputs of some stage RVQs), given an initial region of support containing ' R, conditioning symbols, such that the mPth order conditional entropy is minimized. This is illustrated in Figure 3 for the case of image coding, where the shaded block in the middle is the stage vector upon which conditioning is being performed. A total of m (12 in this case) neighboring blocks is utilized for conditioning. These blocks define the spatial region supporting the conditioning. The solid arrows show these neighboring blocks at the pth stage. In addition t o the spatial dimension, conditioning is based on corresponding blocks a t different stage levels, which is illustrated in Figure 3 by the dashed arrows, showing these conditioning blocks at the (p -1)th and (p + 1)th stages.
By building a conditioning tree as described in [7] and using the dynamic M-search algorithm, one can find the best stage statistical models of orders 1, 2, 3 , etc.
The second task t o be performed is to determine the best orders for each of the stage statistical models subject to a constraint on overall complexity. For this purpose, a tree with P branches is built and populated with a sufficiently large number of complexity-entropy pairs in each branch. The well-known generalized BFOS algorithm [13] is then used to prune the tree to find the best stage orders subject to a limit T I on the number of conditional probabilities, used here as a measure for complexity.
Since relatively high orders are usually required t o achieve a very low entropy, the complexity of the stage Complexity-constrained statistical modeling for the out- Figure 3 .
To locate the best orders for the stage models for a fixed maximum number of 4096 conditional probabilities, a balanced tree with depth 6 is constructed where the best , 6 conditioning stage symbols are used. After the RFBS algorithm is employed, the number of conditioning states i s further reduced by the P N N algorithm, whose outputs are used to populate yet another tree. Finally, the BFOS algorithm is used again to generate the FSM where the number of conditional probabilities is limited to 512.
The CEC-HVQ that yields the minimum overall entropy is determined as described previously using t h e training sequence. The corresponding set of stage codebooks, mnpgirrg tables generated by the F N N algorithm, and Lables of couditional probabilities are used for encoding. Table I shows the entropy performmce of the proposed hybrid coder, UPCM. and l h a i of two of the best loss--less compression techniques [3, 41 on the test images LENA and BOAT. The entropy is used as a measure so that the comparison is fair. An actual adaptive arithmetic coder was used to encode both the output of the stage RVQs and the residual image, and the compression ratios were slightly larger. Obviously, the proposed coder compares very favorably. Even better compression performance may be attained by using larger vector sizes and/or exploiting any statistical dependencies between the multistage images and the residual one. Preliminary experimental results are encouraging further study.
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